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Abstract. We modify the coupling method estabhshed in [33] and develop a 
technique to prove the exponential mixing of a 2D stochastic system forced by 
degenerate Levy noises. In particular, these Levy noises include a-stable noises 
(0 < a < 2). This technique is promising to study the exponential mixing prob- 
lem of stochastic Navier-Stokes and complex Ginzburg-Landau equations driven 
by degenerate kick noises only with some p moment ( |29| ) . 
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1. Introduction 

We shall study in this paper the exponential ergodicity of degenerate stochastic 
evolution equation 



dXi{t) = [-AiXi(t) + Fi{X{t))]dt + dz{t), 

dX2{t) = [-X2X2it) + F2{X{t))]dt 

where X{t) := {Xi{t), X2{t)f E for all t > 0, A2,Ai > 0, F : ^ is 
bounded and Lipschitz, i.e. 

\F{x)-F{y)\ < \\F\\up\x - yl \/ x,y eR^ 

z{t) is a one dimensional Levy process satisfying Assumption 12. II below. We often 
simply write the above equation as the following form: 

(1.2) dX{t) = [AX{t) + F{X{t))]dt + dZt, 

where A := diag{—\i, — A2} and = [z(t),0]'^. 

The SDEs and SPDEs driven by Levy noises have been intensively studied in 
recent years; e.g., see the papers [3l [H |3ll |32l |23l |3H1 SS], the book [33] and the 
references therein. Invariant measures and long-time asymptotics for stochastic 
systems with Levy noises were also studied in a number of papers; e.g., see [H j H8 | 
El [391 IISI Sni [331 12SI Uni lini SZ] • However, there are not many results on ergodicity 
and exponential mixing (cf. |ini SZl [13 [SHI 153]). 
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Since the end of the last century, the ergodicity of stochastic systems forced by 
degenerate noises has also been intensively studied, see [HI [T21 [IH [151 [IS] for the 
SPDEs with degenerate Wiener noises and [13 [201 [211 [121 [131 [SI [2B] for those 
forced by kick noises. However, there seems no ergodicity result for the stochastic 
systems driven by degenerate Levy jump noises. To our knowledge, this paper 
seems the first one in this direction. 

The main novelty of the present paper is that we obtain the exponential ergodic- 
ity for a family of 2D SDEs driven by a large class of degenerate Levy jump noises 
which include a-stable noises (0 < a < 2). Our approach is by modifying the cou- 
pling method established in [H]. This method is a powerful tool for handling the 
ergodicity problems of degenerate stochastic systems ([El [201 [211 [121 [13 [lH [28]). 
In [m [2ni [211 [121 [131 [B], to get the exponential ergodicity, the authors had to 
assume that the kick noises come periodically and are bounded or with exponential 
moments. [2H] studied polynomial mixing for the complex Ginzburg-Landau equa- 
tion driven by a random kick noises at random times, under the assumption that 
the noises have all p > moments. Clearly, all these assumptions in the above 
literatures ruled out the interesting Levy noises only with some p > moment 
such as a-stable noises. 

Let us also compare our result with those known for SDEs and SPDEs forced by 
Levy noises. [3FJ established the exponential mixing for a family of SPDEs with 
a form similar to fll.2p under total variational norm, provided that the noises are 
non- degenerate a-stable with 1 < a < 2. The non- degeneracy assumption and the 
regime of a G (1, 2) are crucial to get the strong Feller property, which is the key 
point for applying the coupling or Lyapunov function technique. Comparing with 
[35i| . the two new points in the present paper are that our noises are degenerate and 
include all a-stable noises. [17] established some nice criteria of the exponential 
mixing (under total variation norm) for a family of finite dimensional SDEs driven 
by jump noises which include some one dimensional equations driven by «-stable 
noises. 

We need to stress that our stochastic system fll.ip is two dimensional and that 
the Levy jump noises are one dimensional. It is natural to ask whether one can 
extend our exponential ergodicity result to SPDEs forced by finite dimensional 
cylindrical Levy jump noises (the noises are of course degenerate). Unfortunately, 
it seems our technique is not applicable even for the case of 3d SDEs driven by 2d 
Levy jump noises. Let us point out the difficulty (very) roughly by the following 
toy models. Consider 

dXi{t) = [-AiXi(t) + Fi{X{t))]dt + dzi{t), 

dX^it) = [-\2X2it) + F2{X{t))]dt + dZ2{t), 

dXsit) = i-XsX^it) + FsiX{t))]dt 
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where Ai,A2,A3 > 0, F : M'^ — )■ is bounded and Lipschitz, zi{t) and Z2(t) are 
independent Id Levy jump processes. We assume that A3 is sufficiently large to 
make the dissipative term —X^X^lt) dominate the third equation. For the ffist 
two equations, when zi{t) has a jump rji at some moment r, there is no jumps for 
Z2{t) at T almost surely. We can take the advantage of the jump 771 to control the 
growth of some sample paths of Xi{t) in a short time interval [r, t + S) by coupling 
technique, and the probability of these paths are positive. However, due to the 
lack of the jump, the growth of almost all the sample paths of X2{t) can not be 
handled in [r, t + S). 

According to [29], the technique developed in the present paper is promising to 
handle the exponential mixing problem of stochastic Navier-Stokes and complex 
Ginzburg-Landau equations driven by degenerate kick noises only with some p 
moment. These will hopefully be stressed in some future papers. 

The structure of the paper is as follows. Section 2 introduces the notations and 
gives the main theorem. Section 3 contains some bounds about the solution of Eq. 
fll.ll) . which are used to estimate the stopping times in Section 5. The coupling 
Markov chain is introduced in Section 4, and used to prove the main theorem in 
Section 6. 
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2. Notations and main results 

Denote by -Bb(R^) the Banach space of bounded Borel-measurable functions 
/ : — 7- M with the supremum norm 

||/||o:= sup|/(a;)|. 

Further denote by L;,(R^) the Banach space of global Lipschitz bounded functions 
/ : — )■ M with the norm 

II /II 1/^ M , '•^'^^) - fiy)\ 

ll/lli := sup \ f{x)\ +sup ■ ■ . 

xeM^ xj^y \X — y\ 

Let i3(M^) be the Borel cr-algebra on and let 'P(R^) be the set of probabilities 
on (M^, ;B(]R^)). Recall that the total variation distance between two measures 
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yUi,/^2 £ 'P(M^) is defined by 

11/^1 -/^2||tv = ^ sup -/i2(/)| = sup |/ii(r) -/i2(r)|. 

^ /eS5(M2) reB(]R2) 
ll/llo=l 

Given a random variable X, we shall use C{X) to denote the distribution of X. 

2.1. Some preliminary of Levy process ([4J). Let (-2(t))o<t<oo be a one- dimensional 
purely jumping Levy process. Recall that it has the characteristic function 

is called the symbol of z{t) with the following form 

m= I (l-e^«^ + zeyl{|,|<i})^(rfy) 

JR\{0} 

where v is the Levy measure and satisfies that 



/ 1 A \y\^u{dy) < oo. 
Jm\m 



'IR\{0} 

For t > and F e i3(]R\ {0}), the Poisson random measure associated with z{t) 
is defined by 

N{tJ):= lr(Az(s)) 

se(o,t] 

where Az(s) = z{s) — z{s—). One has 

(2.1) z{t) = ZKit) + z^\t) y K>0, 
where 

(2.2) ZK{t) := / a;Ar(t,dx), z-^(t) := / xN{t,dx). 

Jo<\x\<K J\x\>K 

Now define Tk '■= (— oo, — U [K, oo) and 

7x := z/(Fx), 

it is clear that 7^ < cxo and is a decreasing function of K. N{t, Tk) is a Poisson 
random variable with intensity 'yxt, and can be constructed in the following way. 

Let fi, f2, . . . , f„, . . . be a sequence of random times (more precisely, stopping 
times) such that 

n, T2 - h, ■ ■ ■ , Tn - Tn-l, ■ ■ ■ 

are independent exponential random variables with parameter jk, i-e. IP(Tn — 
fn-i > s) < e~'^^'^ for s > 0, so f„ satisfies the Gamma(7i<', n) distribution 

P(f„ e ds) = g"-^e-^^^^(ig (s > 0). 
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Then N{t, F^) is defined by 

N{t, Tk) ■■= sup{n G N; f„ < t}. 
It follows from that 

(2.3) z''it) = J2vklr,<t 

k>l 

where 77^ are independent random variable sequences with distribution 

(2.4) UK := 

Ik 



K 



2.2. Assumptions. We shall assume the Levy noises satisfy the following as- 
sumptions. 



Assumption 2.1. We assume that 

(Al) supo<t<oo^ /o e~^^''^~^^dz{s) < 00 for all \ > and p E (0,0;). 
(A2) For some K > 0, uk has a density px such that for all zi, 2:2 G M 

/ \pk{z - zi) -Pk{z - Z2)\dz < min{/3o,/3i|^i - 22!^'} 

where < /3o < 2, /3i,/32 > are constants only depending on K. 

(A3) 7A' > W2\\F\\Lrp- 

Remark 2.2. The number '2' in '7^ > 2/32||-^||Ljp' of (A3) can be replaced by any 
number c > 1. We choose the special '2' to make the computation in sequel more 
simple. Roughly speaking, (A3) means that the process {z{t))t>Q has sufficiently 
many jumps bigger than K. 

The a-stable process {z{t))t>Q (0 < a < 2) with the Levy measure vi^dx) = 
\x\^+i ^\x\>odx satisfies this assumption. 

It is well known that z{t) has the characteristic function Writing -2^(t) : = 
e~'^^^~'^^dzs, one can easily check that 

1 _ p-aXt 

E[e^«-W] =exp{-|er^^^} 

(Al) follows immediately from (3.2) of [38] . 

Let us now check that the inequality in {A2) is true for all K > (this is of 
course stronger than (A2) itself). It is easy to see that 

PK{Z-Zi)= ^ _ ^,\^a+l Mz-Zr\>K (^ = 1,2). 

\z2 — Zi\ < ^ , v^e assume Q < Z2 — zi < ^ without loss of generality and thus 
have 

Zi-K<Z2-K<zi + K<Z2 + K. 
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It follows from the above relation that 
\Pk{z - zi) - pk{z - Z2)\dz 



zi-K 



zi+K 



1 - 



2(^1 - 2{z2 - zY+^ 

aK 

Z2+K 



•'Z2+K 

+ / —, ^ — rrdz + 



dz + 



Z2~-K 



2(Z - Z2 



\a+l 



dz 
dz 



1 



1 _|_ 

K 



By the easy fact 



1 - 



1 + r 



< {[a] + l)r |r| < 



2 + 2[a] 



we immediately get 



\Pk[z - Zi) -Pk[z - Z2)\dz < — \Z2 - Zi\. 

On the other hand, it is clear that 

P ■= \pk{z - zi) -pk{z - Z2)\dz <2. 

It follows from the above two inequalities that {A2) is satisfied with /3o = 1 + f , 
/3i = |,/32 = l. 

Since {z{t))t>o is a-stable noise, — t- oo as | 0. Therefore, (A3) is clearly 
true. 



2.3. Main result. Before giving the main theorem, let us first prove that the 
problem (11. ip is well-posed. 

Theorem 2.3. For any initial data x G M^, problem (11.11) has a unique strong 
solution {X^{t))t>Q with the form: 

(2.5) X^(t) = e^'x + [ e^^'-'^F{X''{s))ds + [ e^^'^'^dZ^. 

Jo Jo 

Moreover, this solution satisfies the following properties: 

(1) {X^(t))t>o has a Cadlag version in . 

(2) {X^{t))t>o forms an M."^ -valued Markov process starting from x. 

Proof. The existence, uniqueness and Markov property of the strong solution have 
been proved in [38]. Since Zt clearly has a Cadlag version, j^e^'^^~'^^dZs also has 
a Cadlag one. The other two terms on the r.h.s. of (12. 5p are both continuous, so 
(X^(t))t>o is Cadlag. □ 
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Let US denote by {Pt)t>o the Markov semigroup associated with (11.11) . i.e. 



PJ(x):=E[/(X^(t))], feB, 



!>2\ 



and by {P^)t>o the dual semigroup acting on 'P(]R^). Our main result is the 
following ergodic theorem which will be proven in the last section. 



Theorem 2.4. Under A s sumption \ 2. 1\ if X2 > is sufficiently large so that 

8M (1 + 2ell^ll^"f^) 
d{2 - 13,) 

/32 



(2-6) A2 > -77- T-T ll-^IUip — ll-^IUip, 



(2.7) e := 'Jl^e-^^^^' + 2 „ ' ""^ < 1/2, 

where T > ^ V 0, < d < (^4^^ ''^ e~"'^"^*p^ are &ot/i some fixed constants, 

M is a fixed constant defined in Theorem \5.2\ below, then the system fll.ip is ergodic 
and exponentially mixing under the weak topology ofViM."^). More precisely, there 
exists a unique invariant measure /i G P(R^) so that for any p G (0, a) and any 
measure fi G V{^) with finite p^^ moment, we have 

(2.8) mfiJ) - < Ce-^'WfWi (1 + WKdx)^ ^fe L,{R'), 
where C, c depend on p, u, K, \\F\\Lip, \\F\\o, A. 

Let us briefly give the strategy of the coupling method we shall use (it is a 
modification of the method established in |44j ) : 

(i) Take a sequence of stopping time {rfc}fc>o with = and denoting the 
moment that the k-th jump comes (see the exact definition of r^, in Section 

m). 

(ii) For any x,y G M^, take two copies of processes {X^{t))t>Q and (X^(t))t>o, 
consider the corresponding embedded Markov chains {X^{Tk))k>o and (X^(rfc)) 
Using maximal coupling, we construct the coupling chain (S'^'^(/c))fc>o with 
S^'y{k) = {S%k),Sy{k)) for all A: > 0. {S%k))k>o, {Sylk))k>o have the 
same distributions as those of {X^{Tk))k>o and {Xy{Tk))k>o respectively. 

(iii) Define 

d = M{k > 0; \S%k)\ + \Sy{k)\ < M}, 

a = inf \k > 0; |^^(A;) - S^ik)] > ^ 
I A2 

the a is exactly defined in (16. ip . but the above definition takes the essential 
part of (16.11) . We show that a has exponential moment and F{a = 00) > 0. 
Roughly speaking, the system {S{k))k>o enters the M-radius ball exponen- 
tially frequently. As the system is in the ball, for some sample paths with 
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positive probability, \S^{k) — S'^{k) \ converges to zero exponentially fast as 
long as A2 is sufficiently large. 

For the simplicity of computation in sequel, from now on we assume 

Ai < A2. 

Our method of course covers the regime Ai > A2, in which the dissipative term 
AX{t) dominates the system. In this case, one can prove the exponential mixing 
by a quite easy argument 

3. Some easy estimates about the solution 

In this section, we prove some easy estimates about the solution X{t) of problem 
(II. ip . which will play an essential role for estimating some stopping times the 
sections later. 

Lemma 3.1. The following statements hold: 

(1) For x^y G M^, p G (0,a), we have 

E|X^(t)|P < i?,^-^ V l)e"^^P*|x|*' + C V t > 0, 

E|X^(t) - Xy{t) |P < (3^-^ V l)e~^'^'\x -vY + C V t > 0, 

where aV b := max{a, b} for a, 6 G M and C depends on p, A, ||-F||o; ^■ 

(2) For x,y E M^, we have 

\X^{t) - Xy{t)\ < e*ll^ll^'''|x-|/|. 



\x^it)-xyit)\<^e~'^' + 

for allt > 0. 
Proof. Denote 

ZA{t) 

note that Z^it) = [zA{t), 0]^ with 

ZA{t) = 

By f l2.5p we have 

\X%t)\ < |e^*x| + 



l-^^p J\\P\\ 



Lip 



A2+ 



Lip 



\x-y\, 



dz{s). 



'i^^'~'^F{X%s))ds 



+ \ZAit)\ 



<e-^''\x\+ [ e-^'^'-''Us\\F\\o+\ZA{t)\, 
Jo 
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and 



\X^{t)-Xy{t)\<\e^\x-y)\ + 



[F{X%s)) - F{Xy{s))]ds 



Jo 



The first statement follows from the above inequality and (Al) of Assumption 12.11 
Let us now prove the second statement. It is easy to have 



X^{t) - Xy{t) = e^\x -y)+ e^(*"^) [F{X%s)) - F(X'^(s))] ds 

Jo 

which implies 

\X%t)-Xy{t)\<\x-y\+ [ \\F\\L^p\X^{s)-Xy{s)\ds. 

Jo 

From this we immediately get the first inequality by Gronwall's inequality. It 
follows from the first inequality that 

\X^{t)-Xl{t)\ < e-^''\x2-y2\ + [\-^''-'-'^\F2{X''{s)) - F2{Xy{s))\ds 



-2/1 + f e-''^'-'''\\F\\L,p\X%s)) - Xy{s)\ds 
Jo 

Jo 



< e-^^*\x-y 

This immediately implies the second inequality. □ 

4. Construction of the coupling 

In this section, let us construct a coupling Markov chain which will play an 
essential role for proving our ergodicity result. Let 

(4.1) T > be a fixed number 
to be determined later in Theorem 15.21 Define 

(4.2) T := inf {t > T : \Az{t)\ > K} , 
r is a stopping time with probability density 

(4.3) 7i^exp{-7/^(t-T)}l|t>r}. 
Define Tq := and 

Tk := inf {t > Tk-i + T : |Az(t)| > K] for all k>l. 
It is easy to see that {Tk}k>o are a sequence of stopping times such that 

(4.4) {Tk — rjt_i}fc>i are independent and have the same density as r. 



10 L. XU 



Since the solution of problem fll.ip with the initial data X{0) = x has a Cadlag 
version, X^{ti—) is well defined with the form: 

(4.5) X%n-) = e^^'x + [ ' e'^^^'~'^F{X%s))ds + [ ' e^("^~^)dZ„ 

Jo Jo 

By (12. 3p and strong Markov property of z{t), at the time ri, there is only one jump 
1] almost surely and rj has the probability density uk (see (I2.4p ). Therefore, 

x^'(n) = ^"(n-) + ^[i,o]^ a.s.. 

Denote by pP{.) : B{R'^) [0, 1] the distribution of X^(ri-) for all x e M^ 
and by Pf ^(.) : i3(M2) [o, 1] the distribution of x + r][l, Of for all x G M^. Por 
any A G BiM."^), define 

(4.6) P.(A) := / PP{A)PP{dx), 

(X^(rfc))fc>o is an M^-valued Markov chain with transition probability (Pj:(-))a;eK2- 

Consider the two processes {X^{t)) and (X^(t)) starting from x and ?/ respec- 
tively and the corresponding Markov chains {X^{Tk))k>o and {Xy{Tk))k>o- 

For all x,y E M?, denote by C{xi+ri) and C{yi+ri) the distributions of xi+r] and 
yi+r] respectively. Let {C,x{xi, yi),C,y{xi, jji)) be the maximal coupling of £(xi + 77) 
and C{yi + rj). 

Lemma 4.1. We have 

F{U^i,y,)j^^y{xi,yi)) < ^min{/3o,/3i|xi-yi|^^} 
where Po-, P11 P2 O'l"^ the constants in Assumption \2.1\ 

Proof. Since {ix{.Xi,yi),^y{xi,yi)) is the maximal coupling of £(£1 + 77) and£(yi + 

P(^x(£i,yi) 7^ iy{xi,yi)) = \\C{xi+ri) - C{yi + ri)\\Tv- 
Note that the distributions C{xi + rj) and C{yi + rj) have the densities Pk{z — Xi) 
and Pa-(^ — ^1) respectively, where px is defined in Assumption 12. 1[ It is easy to 
see that 

\\C{xi + 1]) - C{yi + -q^Tv < 7; / \pk{z - xi) - pk{z -yi)\dz, 



this, together with (A2) of Assumption 12. immediately implies the desired in- 
equality. □ 



Define 



(4.7) US^,y):-- 



^x{xi,yi] 

X2 



^y{xi,yi) 
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Since C{^x{xi, fji)) = C{xi + 1]) and C{^y{xi,yi)) = C{yi + r]),we have 

£(e.(x,y)) = £(x + r/[l,On, 

Denote by 



i^«)(.):S(M2xM2)^[0,l] 
the probabihty of (X^(ri-), X2'(ri-)) for {x,y) G x R"^, and by 

i^gy .) : X M^) ^ [0, 1] 

the probabihty of {^^{x,y),^y{x,y)) for {x,y) G x por aU A G i3(R2 x R^) 
define 

(4.9) Pi.,yM):= I Pl^^-^iA)Pl^Jdx,dy). 



Using the transition probabihty family {P{x,y){-)){x,y)eM?xW?^ we construct an 
R^ X R^-valued Markov chain {S{k)}k>o on some probabihty space (fi, J-", P). For 
{x,y) G R^ X R^, denote by (>S'^'^(/c))fc>o the chain starting from {x,y) and by 
(5^(A;))fc>o, {Sy{k))k>o the two marginal' chains, i.e. 5^'S'(A:) = {S'%k) , Sy {k)) for 
aU > 0. 

Proposition 4.2. For a// (x,?/) G R^ x R^, {S^(A;)}fc>o (or {SJ'(A;)}fc>o) /ios 
the same distribution as {X^{Tk)}k>Q {or {X^(rfc)}fe>o respectively ). Therefore, 
{S^{k)}k>Q {or {Sy{k)}k>Q) is an M?-valued Markov chain starting from x (or y 
respectively). 

Proof. To prove the claim in the proposition, it suffices to show that for all x G R^, 
y G R2, A G i3(R2), we have 

(4.10) P(,,,)(AxR2) = P,(A), 

where P{x,y){-) and Px{-) are the transition probabilities of {S{k))k>o and {X{Tk))k>o 
respectively. 

Recall that P^\-) is the distribution of X^(ri— ) and that P^\-) is the distri- 
bution of X + ri[l, 0]^. It is clear that 

3(1) 



P^xU-X^')=PP{-)- 



By (USD, we have 



p/.^lj. X R2) = Pi^)( 
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It follows from the definitions of P(^x,y){-) and Px{-) that 



P(.,,) (A X M^) = / (A X M^)P^;; (dx, dy) 

= / Pt\A)Pi'\dx) 
= PAA). 

5. Some estimates of the coupling chain (S'^'^(A;)) 



□ 



fc>0 



Recall that {S^'y{k))k>o is a Markov chain on the probability space J-", P). 
J^, P) is not necessarily the same as {Q, J-", P) on which {X^{t))t>Q and (X^(t))j>o 
is located. Without loss of generality, we assume that 

(5.1) (fi, J',P) = (fi,J^,P). 

Otherwise we can introduce the product space {Q xQ,J^ x J^,F xF) and consider 
{S^'y{k))k>o, {X^{t))t>o and (X^(t))t>o all together on this new space. However, 
this will make the notations unnecessarily complicated, for instance, we have to 
always use P x P. 

From now on, we always assume (15. ip and consider (5'^'^(/c))a:>o, {X^{t))t>o and 
{Xy{t))t>o on (n,^,P). 

Proposition 5.1. For allx,y G M^, we have 

F{\S%k + 1) - S^ik + 1)1 > 4|^"(A;) - Syik)\\S^^y{k)} 
<mm{n\S''{k) - S\k)f\Po/2} 



for all k > 0, where 



|_P||^.pg('r'fc + l-T-fc)ll-F'l|Lip 



(5.2) Sk := e-"^(^^+^-^'^-) + " "7 „ ^„ , k := /Jie^^"^"--^ 

^2 + ||P|Uip 



and /3o, (3i, (32 are the constants in Assumption \2. 1[ 

Proof. Since {>S'^'^(/c)}fc>o is a time- homogeneous Markov chain, it suffices to show 
the inequality for k = 0, i.e. 

(5.3) P {\S%1) - 5^(1)1 >6o\x- y\) < min{/3o/2, k\x - y\^'}. 

By the construction of the Markov chain {5'^'^(/c)}fc>o, ^^'^(l) has the same dis- 
tribution as 

(5.4) (^-^(x-(^^_),x^(n-)), 4(x-(n-),xnri-))). 
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For the notational simplicity, we shall write (15 ■4p by {^x,C,y) in shorthand. By 



iy = 

where and are ^^..(Xf (ti— ), Xf (ri— )) and ^^(Xf (ri— ), ^^(ri— )) in shorthand 
respectively. We have 

^[%-ly\>^^\x-y\) 
(5.5) < P - iy\ + \XI{t^-) - X|(ri-)| >(5o|x - y\) 

< P 7^ iy) + P (^x = iy. - X|(ri-)| > 5ok - z/l) 

On the one hand, it follows from Lemma [4. II that 



< lmin|/3o,/3iE|Xi-(n-) -Xf(ri-)|'^^ 
This, together with (2) of Lemma 13. implies 

F (e. 7^ ^y) < ^ min {/3o, /3iE [e^^"^"-^-^] |a; - } 
< min {/3o/2, k\x — ?/|'^^} 

where the last inequality is by (A2) of Assumption 12.11 
On the other hand, it follows from (2) of Lemma [3.11 that 

\Xl{n-)-Xl{n-)\<b^\x-y\ a.s., 

therefore, 

(5.7) P( \X^(r,-)-Xy,in-)\>6o\x-y\) = 0. 

Collecting fl5.5p - fl5.7p . we immediately get the desired inequality. □ 

Given M, d > 0, define the stopping times 

(5.8) &{x,y,M) := m{{k > 0; |5^(A;)| + |5^(A;)| < M} , 

(5.9) a{x,y,d) := inf {k > 0;\S%k) - Sy{k)\ < d} , 

we shall a = a{x, y, M), a = a{x, y, d) in shorthand if no confusions arise. Let us 
prove the following two theorems: 

Theorem 5.2. For all p E (0, a), as T > Tq := V 0, there exist positive 

constants M, {}, C depending on p, A, ||-F||o5 T, v so that 

for all X, ?/ G M^. 
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Theorem 5.3. There exists some constants t?, C > depending onp, A, ||-F||o5 ll-^IUip, K, v, 
such that for all p G (0, a) and x,y & R^, 

(5.10) E(,,,)[e'^'^(^'^''^)] <C{1 + \xf + \y\'). 



Proof of Theorem I5.M To prove the theorem, it suffices to show that for aU p G 
(0, a), as T > To := '•^~pj|°^^ VO, there exist some M > depending onp, A, ||-F||o, T, u 
and some q G (0, 1) depending on p, A, M such that 

(5.11) F^,,y){a > k) < {1 + \x\P + \yn k>l, 
for aU X, y G M^. Note that (15.111) immediately imphes 

(5.12) P(^,^)(a = oo) = 0. 

The proof of (15.111) is by the same argument as that in Lemma 6.5 of [35]. To 
apply that argument, we only need to show 

(5.13) E (|5"(1)|*' + \Sy{l)\P) < qWx\P + \y\P) + C. 

where C depends on X,p, \\F\\o, v. 

By Proposition I4.2[ for all p G (0, a) we have 

E (1^^(1)1^ + |5^(l)n =E|X"(ri)|P + E|X^(ri)|^ 

which, together with the ffist statement of Lemma 13. Ij implies 

(5.14) E(|5"(l)|^+ |5^(l)n < (3^-^ V 1)E [e-P^^"^] {\x\^ + \y\^) + C 

where C depends on A, ||F||o,p, v. Therefore, to show (15.131) . we only need to show 
that 

(5.15) (3^-^ A l)E[e-P^^"^] < 1. 

When p < 1, (I5.15P automatically holds for all T > 0. When p > 1, 

3^'-^E[e"P^^"M = < 1 

IK + pAi 

as T > To. □ 



Lemma 5.4. Let a;,|/ G he such that \x\ + \y\ < M. As A2 satisfies (12. 6p . we 
have 

^{\s^{i)-sy{i)\>d]<\ + ^ 



where /Sq G (0,2) is the constant defined in A s sumption ] 2. 1[ 
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Proof. It is easy to have 

P{|S^(1) > d} 

<F{\S%1) - Sy{l)\ >6o\x-y\, 6o<d/M} + F{6o>d/M} 



where Sq and n are defined in Proposition 15.11 This inequahty, together with 
Proposition I5.H Markov inequahty, imphes 

P{|5"(1) -5^(1)1 > d} 



< /3o/2 + 
-24' 



d 



-AaT 

IK + As 



+ 



2ell 



II Lip ^ 



I Lip 



A2 + IIFI 



Lip 



where the last inequahty is by (12. 6p . 



□ 



Proof of Theorem 15.31 To prove the theorem, it suffices to show that 
(5.16) {a = 00} = 0, 

and that for all p G (0,a), there exist some 7 > and C > depending on 
p. A, ||F||o, ll-FlUip, 1^, K, so that 



(5.17) 



P 



{a = fc} < Ce-^''{l + \x\P +\y\P) 



for all > and x,y G M^. Let us first prove (I5.17P and then (I5.16P in the 
following four steps. 

Step 1. Write 5"o = 0, define 

a^+i = inf{j > + 1; |^^(j)| + l^^j)! < M} 

for all integer A; > 0. Since {S{k))k>o is a discrete time Markov chain, it is strong 
Markovian. Therefore, it follows from Theorem 15.21 that 



(5.1^ 



E 



3l?(o-fc + l-(Tfc-l) 



<C{l + \S{dk)\n<C{l + M^). 



where depends on A,p, M, T, z/, ||F||o. The above inequality, together with 
strong Markov property, implies 



(5.19) 



5(^1 ) 



^l9(o-2-CTl) 



■■■E 



■S'Co-fe-i) 



< CV=(1 + MP)''-\1 + \x\P + \y\^). 



k-l. 
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Step 2. Given any A; G N, define 

Pk = sup{j; aj < k}. 
Clearly, 5"pj.+i > if pfc < oo. We have 

k 

^{x,y){(T = k) = ^P(^,j^)((T = k,pk =j) 
j=0 

(5.20) ^ k 

< '^^(x,y)ipk =j)+ Yl ^(^-!/)(^ = k,pk= j) 
j=0 j=l+l 

=: h + h 

where / < is some integer number to be chosen later. 

Step 3. Let us estimate the above Ii and l2- By the definition of p^, Chebyshev 
inequality and strong Markov property, we have 

^{x,y){pk = j) < P(x,y) i&j < k/2, Pk = ]) + P(,,j,) {dj > k/2) 

< ^(.,y) i&j < k/2, > A;) + P(,,,,) (a, > k/2) 

< E(,,,) [Fsia,) i^j+i - a, > k/2)] + e-'^'^/2^(,,,)[e'^^^] 

By f lS.lSp and fl5.19p . the above inequality implies 

P(.,,)(pfc=j)<Ce'^(l + M^)e-'^'/' 

+ C^e^^il + MP)^-\1 + \x\P + |?/|P)e-'^^'/2 

Hence, 

(5.21) Ji < {Cey-^\1 + MPy+\l + \x\P + \y\P)e-^''/\ 

Now we estimate l2- For j G N, define 

Aj :={|5"(ai + l)- 5^^(^1 + 1)1 >d,...,|5"(aj + l)-S'^(a, + 1)1 >d} . 
By the definitions of a and pk, strong Markov property, we have 
P(x,y) {o- = k,pk= j) < P(^,y)(Aj_i) 
= P(.,,) {|S-(a,_i + 1) - S^a.-i + 1)1 > d,A,.2} 
= E(,,,) {P„ {|5"^(1) - 5"''(1)| > 4 Aj_2} , 

where u = S^'^{aj-i). Combining with Lemma [5. 4[ the above inequality implies 

P(.,,) (a = k,pk = j) ^ + x) - + t)' ' 
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Hence, 

(5.22) /. < 

Take / = ek, it follows from the bounds of Ji and I2 that as e > is sufficiently 
small, fl5.17p holds. 

Step 4- Let us now show fl5.16l) . Define 

Poo = sup{j; dj < 00}, 

it is clear that CTp^+i = 00 if poo < cxo. For all j G N U {0}, by strong Markov 
property and Theorem 15.21 we have 

(5.23) P(^,y) (poo = j) = ^(x,y) [^s(a,) i^j+i - = 00)] = 0. 
Hence, 

P^y) (Poo = 00) = 1 \fx,yem^. 

By a similar computation as estimating I2 in step 3, we have 

/I /So \ 

^{x,y) (a = 00) = P(^,j^) (or = 00, Poo = 00) < P(^,j^) (^i) ^ ( 2 + X J ^ ^ 

as j — > 00. □ 



6. Proof of the main theorem 

Define 

(6.1) aix,y) ■.= mf{k>l;\S%k)-Syik)\ > {60 . . . 6k-i)\x - y\} 

where 6j {j = 0,...,k — 1) are defined in Proposition 15. we shall often write 
a = (t(x, y) in shorthand. 

Lemma 6.1. If \x — y\ < d with < d < {-^Y^^^ (^nd k defined in Proposition 
\5.1\ we have 

(1) P(,,,)(a = 00) > 1/2. 

(2) There exists some e,C > (possibly small) depending on d, A, ||-F||o, H-^IUip, «, K, e, ^ 
such that 

Proof. For all > 0, define 

Bk := {\S%k + 1) - Sy{k + 1)1 > 6k\S%k) - sy{k)\} , 
Ck ■■= {\S%j + 1) - S^U + 1)1 < (5o • • • 5,)\x -yl < j < k} , 
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it is easy to see that D -B^ fl Ck-i- It follows from Proposition 15. II that 

= E(,,,) [p {Bt\s-^'y{k)) 

= E(.,,){[l-P(5,|S-'n^))]lc._J 

>E^,,y)[{i-K\s'^ik)-syik)f^)ic,^,] 

> P(,,,)(Cfc„i) - fi:E(,,,) [{So . . . 5k-if'] \x - yf' 
This inequality, together with (14. 3p . (14. 4p . (A3) of Assumption 12. implies that 

>l-n-^—^\x-yf'>l/2 

since 6 < 1/2 (see ([221)) and d < (^)^^^'. Let A; oo, we get (1). 

Defining := {\S%k + 1) - Sy(k + 1)\ > {6o . . . Sk)\x - y\} for all > 0, by a 
similar calculation as above we have 

F(.,j,)(a = k)= P(.,,)(A-i n Ck-2) 

= E(.,,) [P {Bk-,\S-^k-l)) lc,_,] 
<nE^.,y)[i5o-h-2)^']\x-yf' 

- 2 - 4^ 

This immediately implies (2). □ 
Define 

(6.2) a\x,y,d):=cx + a{S'''y{cx)) 
where a = a{x,y,d) defined by (15. 9p . Further define 

(6.3) a{x, y, d, M) := + a(5^'^((T^), M). 

where cr^ = a\x,y,d) and a is defined in (15. 8p . 

The motivation for defining a is the following: we only know \S^ {a'^) — {a'^)\ < 
d, but have no idea about the bound of |S'^((7''')| + |S'^((7"'')|. This bound is very 
important for iterating a stopping time argument as in Step 1 of the proof of 
Theorem 1 5. 3 [ To this aim, we introduce (16. 3 p and thus have |S'^'^(cr)| < M for all 
x,y e M^. 

Lemma 6.2. Let < d < (^j^^'^^ and p G (0,a). There exist some 7, C > 
depending on d, A, ||-F||o, 11-^11 M, K such that 

E(x,,)[e^''^"'^'"'*')lM.,,,d,A^)<oo}] < C(l + \x\P + \y\n. 
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Proof. Note that cr < oo a.s. by Theorem 15.31 By the strong Markov property we 
have 

where a = a{x,y,d), u = S''^'^(cr), a = (T(S''^'^(cr)). 

By (2) of Lemma [6.11 and Theorem 15 .31, as 7 > is sufficiently small we imme- 
diately get 

(6.4) E(.,,)[e^'^'(^'^''^)l{,t(.,,,,)<oo}] < C(l + \xf + \yn 
where C is some constant depending on d, A, ||-F||o! ||-P'||Ljp,P, i^, «, K. 

By strong Markov property and the above inequality, we have 

(6.5) < {e„ [e^'(-'^^] e^'^^(-'^''^)l{.t(.,,,,)<oo}} 
< CE(.,,) [(1 + |«r/')e^'^^(^'^''^)l|.t(.,,,,)<oo}" 

where u = S^'^^a^) and C depends on M, A, ||F||o, ||-F||Ljp, z/,p, a, ii". Note that 
E|5^'?/(at)|P = E\X^{t^^)\p + E\Xy{T^^)\P < C(l + \x\p + \y\P) from (1) of Lemma 
13.11 The inequality (16. 5p . together with Holder inequality and (16. 4p . immediately 
implies the desired inequality as 7 > is sufficiently small. □ 

Define ctq = 0, for all > we define 

ak+i=c7k + c7{S^''{cXk),d, M). 
Of course each depends on x, c?, M. 
Lemma 6.3. Let A; G N. For all x,y E M^, we have 

(6.6) P(,,j,) {(Tk < 00) < 1/2^ 

Proof. Recall that a < 00 a.s., by the definition of a, strong Markov property, (1) 
of Lemma [6. 1[ we have that for all x,y eM."^ 

^{x,y){^ = 00) = E(^,y) [Fs^,y(a) {cr = 00)] > 1/2. 

This, together with strong Markov property, implies that as (Xfc-i < 00, 

IP«(o-fc - o-fc_i = 00) > 1/2, 
where u = S'^'^((Tfe_i). Hence 

^{x,y) (o-fe < 00) = P(x.,y) (a-fc < 00, 0-fc-i < 00) 

< E(^.,j^) [P„ (d-fc - ak-i < 00) l{afc_i<oo}] < 7^'^{x,y) (o-fe-1 < 00) < ^. 



□ 
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Proof of Theorem 2.4 ■ The existence of invariant measures has been estabhshed in 
According to Section 2.2. of [S], the inequahty fl2.8p in the theorem imphes 
the uniqueness of the invariant measure. So now we only need to show fl2.8p . by 
IB] again, it suffices to show that for all p G (0, a) we have 

(6.7) \PJ{x) - PJ{y)\ < Ce-1/l|i(l + \x\^ + \y\n V / G U{R'), 

where C, c depend on p,a, f3,i', K, \\F\\Lip, A. Let us prove (16.71) by the following 
five steps. 

Step 1. Let / G N be some constant to be determined later. We easily have 
|E[/(X-(t))]-E[/(X^(t))]|</i + /2 

with 

h:= |E{[/(X^(t))-/(X^(t))]l|.^>,}}|, 
h:= \K{[f{X-{t))-f{XymMn<t)]\. 
By (USD, we have Ee^'^^^/^ ^ ^-(kTII^^i^ therefore, 

h < 2\\fmn >t)< 2||/||o (2e^-^/2)'e-^-*/2. 

Step 2. Now we bound J2. The strong Markov property implies 

00 

(6.8) h<Y. \^{[f{x-it)) - fixym I = 5^/2,, 

j>i j=i 

where 

h,:= \E{[g,{X%T,))-g,{Xy{r,))]l{^^<,}}\ 

with 

9,{X^{r,)) = E[/(X-(t))l|.^,,>,||X-(r,)] 
and similarly for gj{Xy{Tj)). 

Note that on the set {r,- < t}, 

^7,(w.)=E[/(X«-(t-r,))l|.^.^,>,}], 

<?,(«,) =E[/(X"^(t-r,))l{.,^,M}], 
where Ux = X^{Tj),Uy = X^(rj). It follows from (2) of Lemma [3.11 that 

\9j{Ux) - gjiUy)\ 

< E 0/(X-(t - r,)) - /(X"^(t - r,))| 

(6.9) < ll/lliE [|X«^(t - r,) - X«^(t - r,)| 1{.,^,>*}] 

< ll/lliE [ell^W^.+i-^^T \ux 

< C\\f\\l\Ux - Uy\, 



Uy\ 
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where C depends on T, a, K. 

By Proposition (14 .211 and the easy fact \\gj\\o < H/Ho, we have 

< \E[g,{X%rj))-g,{Xy{rM + \E {[g,{X%T,)) - g,iXy{T,))] 

< |E [g,{S%j)) - g,{SyUm + 2||/||oP(r, > t) 

Let m = [ej] with 0<£:<l/2tobe determined later, we further have 

h,j ^ Jo + Ji + J2, 

where 



Jo 
Ji 
J2 



2\\f\\onr,>t), 

\E{[g,{S'%j))-g,{SymM^^<,/2}}\, 
\E{[g,iS'%j))-g,iSyij))]l{,.^^,/2y}\. 



Step 3. By a similar calculation as for Ji, we have 

Jo<2||/||o(2e^-^/^)^'e-^-*/l 
By the easy fact \\g\\o < \\f\\o and Lemma 16731 we have 



(6.10) Ji < 2||/||oP(.,,){a„ < j72} <^< 

As for J2, we have 

J2 <E{\g,{S%j))-g,{Sy{j))\ l{.„>,/2}} 

(6.11) j 

< 2||/||oP(.,,)(| < a„ < oo)+E{\g,iS^ij))-g,iSy{j))\ l{.^=oo}} 



On the one hand, thanks to Lemma 16.21 it follows from a similar argument 
(ICTjl that 

(6.12) P(,,,) (| < a„ < 00) < C^{1 + M^r'^e-^^/\l + \x\^ + \y\''). 

As £ > is sufficiently small, we get 



(6.13) P(,,,)(| < a„ < 00) < e-'''\l + \x\P+\y\P). 

Hence 



J2,i := 2||/||oP(.,,)(| < < 00) < 2||/||oe-^^-/4(i + + 



22 L. XU 

On the other hand, 

E{\g,{S%j))-g,{Sy{j))\l{,^=^y} 

m— 1 
i=0 

i=0 

= : J2,2 + <^2,3- 

By Lemma 16.21 and the same argument as above, it is easy to see that 

m— 1 

^2,2 < 2||/||o 5^P(.,,) {j/2 < a, < oo} 

i=0 

771—1 

1=0 

As e > is small enough, we have 

j2,2<e-^ii/iio(i + ixr+iz/n. 

Step 4- It remains to bound J2,3. Recall the definition of a, a, cx^, a, a and note 
that 

(6.14) o-j+i = ai + a + a + a, 

with a = a{S'''y{ai),d), a = a{S'''y{ai + a)), a = a{S'''y{ai + a + a), M). It is clear 
to see o"j + a{S^'y{ai), d) < a"i+i. Observe that 

•^2,3 = <^2,3,l + "^2,3,2, 

with 

m— 1 

i=0 
m—1 

^2,3,2 := l{..<./2,..+.<M,.,,,=oo}" ■ 

i=0 
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By strong Markov property, Theorem 15.31 and the clear fact |5'(crj)| < M for all 
i > 1, as £ > is sufficiently small we have 

m— 1 

J2,3,i<2l|/||o$^E(,,,)[P„,Xa>j74)] 

(6.15) , 

< C\\f%e-'^/' [{m - 1)(1 + MP) + {l + \x\^+ \y\P)\ 

<C\\fU-'>^/\l + \x\^ + \y\n 
where Ui = S^'^^ai) and C depends on d, X, \\F\\o, \\F\\i,p,h', M. 

As for ^2,3,2, recall fl6.14p and note that a < oo a.s. from ( I5.12p . we have 



m—l 



J2,3,2 = $^e{|^,(5^(j))-^7,(5^(j))|1{., 



<j/2,ai+a<^,a+. 



(6.16) 



i=0 
m—l 



t7=Oo} ^ 



It follows from the above equality, (16. 9 1) and strong Markov property that 



m—l 



J2,3,2<c\\fhJ2^[\s^{j)-sy{j)\i^,^_ 

i=0 
m—l 

<c\\f\\,J2^[\s^{j)-symi,^- 



-(T<^,6-=oo} 



-(T<^,<T=Oo} 



m—l 



i=0 



C\\fh E ^ - Sy{j)\Ua=oo}) 



where u = S^'^^ai + a). Note that jw^^ — My| < d. By the definition (16. ip with 
a = d-{S^'y{ai + a)), the previous inequality and (12. 7p . we have 



m—l 



^2,3,2 < C||/||i E E [E„(5o...5,/4)|m. - Uy\\ 



j=0 



<C||/||irfm 



7i^ + -^2 ||-^||Lip + A2 



i/4 



, ■ 1 \ 4/32 



As e > is sufficiently small, we have 
(6.17) 



, 1 \ 8/32 
J2,3,2<C^||/||l - 
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Step 5. Collecting the bounds for ^2,3,1, -^2,3,2, J2,i, J2,2, Ji and Jq, we have that 
there exist some e,C > depending on p, A, ||-F||o, H-^IUip, ^, K such that 

<Jo + Jl + J2,l + J2,2 + ^2,3,1 + ^2,3,2 < C|| / 1| iC"^^' (1 + \x\' + 1^^). 

Hence, 

oo 

/2< J]/2,, <C^||/||ie-^'(l + |a;r+|2/n. 

j=i 

Combining the estimates of Ji and I2, choosing I = [6t\ with 6 > sufficiently 
small, we immediately obtain the inequality (16. 7p . □ 
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